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1. Introduction 

Let T be the singular integral operator, a well-known result of Coifman, Rochberg and 
Weiss |6| which states that the commutator [b,T] = T(bf) — bTf (where b E BMO) is 
bounded on L p (R")(l < p < °°). Chanillo 1 1 1 proves a similar result when T is replaced 
by the fractional integral operator. In |9 1 1 1, these results on the Triebel-Lizorkin spaces 
and the case b 6 Lipj3 (where Lip/3 is the homogeneous Lipschitz space) are obtained. The 
main purpose of this paper is to study the continuity for some multilinear operators related 
to certain convolution operators on the Triebel-Lizorkin spaces. In fact, we shall obtain 
the continuity on the Triebel-Lizorkin spaces for the multilinear operators only under 
certain conditions on the size of the operators. As applications, we prove the continuity 
of the multilinear operators related to the Littlewood-Paley operator and Marcinkiewicz 
operator on the Triebel-Lizorkin spaces. 



2. Notations and results 

In the sequel, Q will denote a cube of R" with sides parallel to the axes, and for a cube Q, 
let fa = |e|-' J Q f(x)dx and f{x) = sup xeQ \Q\^ J Q \f(y) ~ fa\dy. For 1 < r < °° and 
< 8, let 

^(/)w= s (^/ e i/wi'V 1A 

We denote Mg r (f) — M r (f) if 5 — 0, which is the Hardy-Littlewood maximal function 
when r = 1 (in this case, we denote M\ (f) = M(f), see B12I13I '). For j3 > and p > 1, let 
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Fp'°° be the homogeneous Triebel-Lizorkin space, the Lipschitz space Ap is the space of 
functions / such that 

ll/H A = sup |Af +1 /(*)|/|/^<°°, 

x.heR" 

where A k h denotes the kth difference operator 11 II . 

We are going to consider the multilinear operator as follows: 
Let m be a positive integer and A a function on R" . We denote 



R m+1 (A;x,y)=A(x)- £ ±- D a A(y)(x-y) a . 



a! 

a\<m 



DEFINITION 1. 

Define F(x,y,t) on R n x R n x [0, +°°). Then we denote 

F t (f)(x) = [ F(x,y,t)f(y)dy 

JR" 



and 



*tW*) = J /% l ^ y) nx,y,t)fWy. 



Ir" \x-y\ 

Let H be the Hilbert space H = {h : \\h\\ < °°}. For each fixed x S R n , we view F t (f)(x) 
and Ff(f)(x) as a mapping from [0, +°°) to H. Then, the multilinear operators related to 
F t is defined by 

T A f(x) = \\F t A (f)(x)\\; 

we also define that Tf(x) = \\F t f(x)\\. 

In particular, we consider the following two sublinear operators. Fix A > 1. 

DEFINITION 2. 

Let e > and y/ be a fixed function which satisfies the following properties: 

(1) iv/wi^ca+ixi)-^ 1 ), 

(2) \y(x+y)- \jf(x)\ <C\y\ £ (l + \x\)-^ n+l+ ^ when2|y| < \x\. 
The multilinear Littlewood-Paley operator is defined by 

gt(f)(*) = 



where 

R m+l (A;x,z) 



Jr" \x — z\ m 
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and y/ t (x) = t n \if(x/t) for t > 0. We denote F t (f)(y) =f* Vt(y)- We also define 



gl(f)(*) = 



which is the Littlewood-Paley operator H 1 31 . 

Let H be the Hilbert space H={h: \\h\\ = (f fgn+i |/z(f)| 2 dydr/f"+ 1 ) 1 / 2 < °o}. Then for 

each fixed x £ R", F, A (f)(x,y) may be viewed as a mapping from (0, +°°) to H, and it is 
clear that 



at (/)(*) = 



nA/2 



^ A (/)(^) 



nA/2 



DEFINITION 3. 

Let < 7< 1 and n be a homogeneous of degree zero onR" such that / s „_i fi(x')da(x') = 
0. Assume that £2 6 Lip^S" -1 ), that is there exists a constant M > such that for any 
x,y € S"- 1 , \£l(x) - £l(y)\ < M\x-y\ 7 . We denote T{x) = {(y,t) e R"+ l : \x-y\ < t} 
and the characteristic function of F(x) by Xr(x) ■ The multilinear Marcinkiewicz integral 
operator is defined by 

»* A AS 1/2 

|2 dydf 
t" 



ni(f)(*) 



where 

F t A {f)(x,y) 
We denote that 

m){y) = 

We also define that 

(/)(*) = 



Q(y — z) /? m+ i(A;x,z 



v- z |<f |y-z 
fl(y~z) 

y-z|<r b-z|" _1 



n-l 



/(z)dz. 



/(z)dz. 



l«(/)(,)l^)" 2 . 



which is the Marcinkiewicz integral operator 1 14 1. 

Let H be the Hilbert space H= {h : \\h\\ = (J/^+i ^(fjpdyd*/*"" 1 " 3 ) 1 / 2 < oo}. Then for 

each fixed x G /v A (/)(x,y) may be viewed as a mapping from (0, +°°) to //, and it is 
clear that 

nA/2 

*i A (/)(*,)0 



mm 



Ma (/)(*) = 



t+Pf-y| 



nA/2 



mm 
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It is clear that Definitions 2 and 3 are the particular examples of Definition 1 . Note 
that when m = 0,Ta is just the commutator of F t and A, and when m > 0, it is the non- 
trivial generalizations of the commutators. It is well-known that multilinear operators are 
of great interest in harmonic analysis and have been widely studied by many authors (see 
I2I3I4I5I7I81 P. The main purpose of this paper is to study the continuity for the multilinear 
operators on the Triebel-Lizorkin spaces. We shall prove the following theorems in §3. 

Theorem 1 . Let g^ be the multilinear Littlewood—Paley operator as in Definition 1. If 
< J3 < 1/2 andD a A G for \a\= m. Then 

(a) g^ maps L p (R n ) continuously onto Fp'°°(R") for 1 < p < °°; 

(b) gj^ maps L p (R n ) continuously onto L q {R") for 1 < p < n/fi and 1/p — l/q = fi/n. 

Theorem 2. Let fi A be the multilinear Marcinkiewicz operator as in Definition 3.1f0< 
J3 < 1/2 andD a A G hp for \a\ = m. Then 

(a) nf maps V {R") continuously onto Fp ,oa (R n ) for 1 < p < °°; 

(b) ji^ maps L p (R n ) continuously onto L q (R")for 1 < p < «/j3 and l/p—l/q = f}/n. 

3. Main theorem and proof 

We first prove a general theorem. 

Main Theorem. Let < j3 < 1 and D a A e Ap for \a\ = m. Suppose F,,T and T A are 
the same as in Definition \,ifT is bounded on L P {R") for 1 < r < °° and T satisfies the 
following size condition: 



for any cube Q with supp/ C (2(2)' and x G Q. Then 

(a) T A maps L P (R") to F^°°(R n )for l<p<°°; 

(b) T A maps L' (R ) to Li(R n )for 1 < p < n/P and l/q = l/p- j3 /«. 

To prove the theorem, we need the following lemmas. 

Lemma 1 . 11 II . For 0<j3<l,l<p<°°, we have 



\\F t A (f)(x)-F t A (f)(x )\\<C £ \\D"A\\ Ap \Q\V"M(f)(x) 



a\=m 
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Lemma 2.(TT1- ForO < j3 < 1,1 < p < oo, we have 

1 



II/IIa« ~ sup- 



I/to -/ Q |d* 



1//' 



^ Q \Q\ 1+ Pl n JQ 

Lemma 3 . 111 121 . Suppose that 1 < r < p < n/ 8 and l/q= 1/p — 8/n. Then 

||M 5)r (/)||i, <C||/||iP. 

Lemma 4.J5). Le? A a function on R" and D a A € L q (R") for \a\ — m and some q > n. 
Then 



'/</ 



|^(A W )| <C|*-3f* E f^-TT /- |O a A(z)rdz 
where Q(x,y) is the cube centered at x and having side length 5^/n\x — y\. 



Proof of Main Theorem. 

(a) Fix acube Q = Q(x ,l) andi <E Q. Let Q = 5^/nQ and A(x) =A(x) - I,\ a \ =m -^(D a A)QX 
then R m (A;x,y) = R m (A;x,y) and D a A = D a A - (£>°A)g for \a\ = m. We write, for 

/l = /Zg and h = fX R n\Q, 



F A {f){x) = [ 
iff" 

= / 



|x-y| m 

^m+i(A;x,y) 
|x-y| m 

fl m (A;x,y) 
r" \x — y\ m 



F(x,y,t)f(y)dy 
F(x,y,t)f 2 {y)dy 
F(x,y,t)My)dy 



1 f F(x,y,t)(x-y) a „;. 



y — , 

„j± m alJ R n \x-y\» 



D a A{y)f l (y)Ay, 



then 



\T A (f)(x)-T A (f 2 )(x )\ = \\\F A (f)(x)\\ - \\F t A (f 2 )(x )\\\ 



< 



F, 



R m (A;x, 



fx (x) 



y — 



F, 



(x--y 



■D a Af, (x) 



+ \\F A (f2)(x)-F A (f 2 )(x )\\ = l(x) +U(x) +m(x). 



Thus, 



1 



|<2|i+/V» 
l 



T A (f)(x)-T A (f)(x ) 



dx 



< 



\Q\i+P/" Jq 
:= 1 + 11 + 111. 



\Q\i+P/"Jq 
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Now, let us estimate I, II and III, respectively. First, for x E Q and y G Q, using Lemmas 2 
and 4, we get 

\R m (A;x,y)\<C\x-y\ m £ sup|D«A(x) - (D°A)g| 

a|=m*e2 

<C|x-y|'"|e|^/" £ ||D a A|| A(J . 

\a\=m 

Thus, by Holder's inequality and the U boundedness of T for 1 < r < p, we obtain 

1 



i<c £ ll^iu — / |rcfi)(*)|dx 

ce|=m l«l •'2 

<c £ HD a A|| A/J nr(/ 1 )ikHer 1/ '' 

[a|=iB 

<C £ ||D«A|| A/! ||/ 1 || i ,-|Gr 1/ '" 

a|=m 

<C £ ||D°A|| A(J M,.(/)(I). 

a|=m 

Secondly, for 1 < r < q, using the following inequality II II : 

\\D a A- {D a A)Qf X Q\\u < C\Q\ l / r+ V"\\D a A\\ Ap M r (f)(x) 
and similar to the proof of I, we gain 

n<7^A L l|r((D«A- (Z)"A)g)/^)]| i HQr- 1/r 

l^-l a|=m 

< C \Q\-P/"-V' £ ||(D«A-(D«A)g)/ Z g|| ir 
oc\=m 

<C £ ||D a A|| A/j M r (/)(i). 

cc\=m 

For III, using the size condition of T A , we have 
III<C £ ||D«A|| A(i M(/)(i). 

\a\=m 

We now put these estimates together, and taking the supremum over all Q such that x £ Q, 
and using the LP boundedness of M r for r < p, we obtain 

\\T A (f)\\ f P.-<C £ ||D°A|| A(J ||/|| L ,, 

\ct\=m 

This completes the proof of (a). 

(b) By same argument as in the proof of (a), we have 

±.^\T A (f)(x)-T A (f 2 )(x )\dx 

<C £ \\D a A\\ Af) (Mp tr (f)+Mp tl (f)). 
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Thus, 



(T A (f)f<C £ \\D a A\\ A jM p Af)+Mp A (f)). 



\a\=m 

Using Lemma 3, we gain 

\\T A {f)\\L«<C\\{T A {f)f\\ Lq 

<C £ ||O a A|| A/s (||M /3 ,( / )|| L , + ||M /3a ( / )|| i O<C||/|| i ,, 

\a\=m 

This completes the proof of (b) and the Main Theorem. 
To prove Theorems 1 and 2, we need the following lemma. 

Lemma 5. Let 1 < p < °°, < j3 < 1 andD a A G A^g for \a\ = m. Then and are all 
bounded on L P (R"). 

Proof. For , by Minkowski inequality and the condition of we have 



JR n 



\f{z)\\R m+ i{A;x,z) 
\x-z\ m 



<C 



r"+ 1 \t + \x — y\ 
\f(z)\\R m+ i(A;x,z)\ 



\x-zy 



nX 



-2n 



o J R n\t + \x-y\J (l + \y-z\/t) 2 "+ 2 



^ dydt y /2 



<c 



Ir" 



t + \x-y\J t l+n I 
\f(z)\\R m+l (A;x,z)\ 



dz 



x-zY 



i) ( f L»(t+\x-y\) 



nX 



dy 



-,1/2 



(t+\y-z\) 2n + 2 



tdt 



dz. 



Noting that 



Jr» \t+\x-y\J 



nX 



dy 



(t + \y-z 



_ 7 \\2n+2 



< CM 



(t + \x-z 



_ 7 \\2n+2 



< 



c 



(t+\x-z 



_ 7 \\2n+2 



and 



/ 

.70 



tdt 



o {t + \x-z\) 2n+2 



■C\x-z\ 



-2n 
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we obtain 



c 



\f(z)\\R m+ M;x,z) 

R" \x-z\ m 

\f(z)\\R m+ i(A;x,z) 
\x-z\ m+n 



tdt 



o (t + \x-z\) 2n+2 



1/2 



dz 



■dz. 



For H X , note that \x-z\ <2t, \y-z\ > \x-z\-t> \x - z\ - 3t when \x-y\ < t , |y-z| < f, 
and \x-z\ <t(l+2 k+l ) <2 k+2 t, \y-z\ > \x - z\ - 2 k+3 t when |*-y| <2* +1 f, |y-z| <?, 
we have 



(/)(*) < 



A" 



■»+' V ? +l*->i 



<c 



/ |Q(y-z)||/? w+ l(A;*,z)||/(z) 
V |y-z|"-'|.x-z| m 

|/? m+ i(A;x,z)||/(z)| 



. . dyd? 



1/2 



dz 



+ C 



R" \X — Z\"' 

rr ( t \ nX xr( z) {y,t) dydt 

o J\x-y\< t \t+\x-y\) (|x-z|-3f) 2 »- 2 f»+ 3 
R m+1 (A;x,z)\\f(z)\ 



1 1/2 



dz 



Jr" 



x-zr 



nX 



o ^ kh<\x-y\<2^h \t+\x-y\) (\x-z\-2 k + 3 t) 2 »- 2 



-,1/2 



dz 



* n+ i(A;je,z)||/(z)| 



dr 



-z\/2(\x-z\-3t) 



In 



1/2 



dz 



C 



R„ \x~ Z \ m+l l 2 



Y / 2- knX (2 k t) n r n 



|x-z|-2^+ 3 f) 



In 



1/2 



dz 



<C 



\R m+1 (A;x,z)\\f(z)\ 



dz 



x-ZY 



C 



\R m+1 (A;x,z)\\f(z)\ 



x — z 



m+n 



dz 



i=0 



1/2 



= C 



Rm+l(A;X ^\f(z)\dz. 



IR„ \X-Z 

Thus, the lemma follows from |2 1 
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Now we can prove Theorems 1 and 2. Since gx and jj.^ are all bounded on L p (R n ) for 
1 < p < °° by Lemma 5, it suffices to verify that and ju£ satisfy the size condition in 
the Main Theorem. 

For^, we write 

fl m+ i(A;x,z) 

_-i m W (y - z)/(z)dz 



then 



= J R m+ i(A;x,z) 



+ 



\x-z\ 

R m (A;x,z) 
\x-z\ m 



Vt(y-z)f 2 (z)dz 



S 

L a\J ' be-; 



W(y-z)/i(z)dz 



! ^ (X ^ )a ^^A(z) /l( z)dz, 



^/|4(/)W-4(/2)(^0) 



ie|i+/»/» y e 
i 



dx 



f + |x-y| 

nA/2 



nA/2 



f + |x-y| 



< 



W)(*o,y) 



«A/2 



\Q\WI«Iq {t + \x-y\) F, { 



|e| 1+ ^"i|£ m «! C+l*-y|) 



dx 



^m(A;x, • 
|x--| m 

nA/2 



/i (y) 



dx 



dx 



+ 



+Pl n ! Q (t + \x-y\) 



\Q\W/» 
r 



nA/2 



^(/2)(*,y) 



^(/ 2 )(xo,y) 



dx 



^ + bc-y|, 
_ nA/2 

:=I + H+IH. 

For I and II, similar to the proof of Lemma 5 and the Main Theorem, we get 
I<C £ ||Z)«A|| A ^ / |^(/i)(x)|dx 

<cl l|fl a A|| A/l ll^(/i)lkHGr 1/r 

a|=m 
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and 



<c £ nzA4|| A/s ii/ 1 || L Her 1A 

\a\=m 

<C £ \\D a A\\ Kp M r {f)(x) 

\a\=m 



c 



^<J^WTn E hx{{D a A-{D a A) Q )f XQ )\\u\Q\ l - l l r 



\a\=m 

< m -P/n-l/r £ || (jD «A-(D«A)g)/ Z g|| ir 



<C £ ||D a A|| A/s M,.(/)(x). 

a|=m 



For III, we write 



f + |x-;y| 



nA/2 



F t A (fi)(x,y)- 



R n \t + \x — y\ 



nl/2 



1 



t+\x ~y\ 
1 



nl/2 



^(/ 2 )(x ,y) 



|x-z|'" xo-z' 



x /? m (A;x,z)y,Cy-z)/ 2 (z)dz 



+ 



/ f-^Y 
/ [(— Y 



Fo-z|- 



\ nX/2 
\) 

R m {A;x {) ,z)Wt{y ~ z)f 2 (z) 



R m (A;x,z)-R m (A;x ,z)]dz 



nl/2 



t + \x -y\ 



\xo-z\- 



dz 



nX/2 (x-z) a 
t+\x-y\J \x-z\ m 

nX/2 (x -z) a 



j + \x -y\J \x -z[ 

:=ini+ni 2 +in 3 +ni4. 



D a A(z)y t (y-z)f 2 (z)dz 



Note that \x — z\ ~ |*o — z| for x e g an d z^R n \Q- By the condition of y/ and similar to 
the proof of Lemma 5, we obtain 



1 



\Q\l+P/« 
< C 



HL: Ildx 



-x Q \ 



|J? m (A;x,z)||/(z)|dz dx 
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<C Y \\D a A\\ AR V . 



\a\=m 



k=\ 



\2 k Q\ h*Q 



l/(z)|dz 



<C £ ||D«A|| A V2- i M(/)(x) 



fc=l 



<Cl \\D a A\\ h M{f)(x). 
a m 

For III2, by the formula 1 5 1 

R m (A;x,z) - R m (A;xo,z) = £ —j R m-\r t \{D 11 A;x,x )(x-z) 11 



T) <m 



and Lemma 4, we get 



|/? m (A;x,z)-/? m (A;x ,z)| 

<C£ ||D a A|| A/! |e|' 3 /"|x-xo||xo-z|' 

a|=m 



1-1 



Thus 



1 



iei 1+/3 /" v e 

1 



||m 2 ||dx 



|^ m (A;x,z)-/? m (A;x ,z)| 



|e| 1 +^/» JqJr"\q \x Q -z\ m+ " 

\x — xq\ 



\f(z)\dzdx 



<c £ ||d b a|| a ,£ 



n+l 



l/(z)|dz 



<C £ ||D B A|| Afl |fi|*/»JI#Cfl(*). 

a|=m 

For III3, by the inequality: a 1 / 2 — Z? 1 / 2 < (a — fo) '/ 2 for a > b > 0, we gain 

C 



IGI 



f' a / 2 |x-xo| 1 / 2 |y t (y- Z )||/? m (A;^o, Z )||/2 (z) | 
\x-z\ m (t + \x-y\)(^+ 1 )/ 2 



2 



dydt 

f n+l 



1/2 



dzdi 
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|/2(z)||^ 1 (A;xo,z)||x-x | 1 / 2 



At 



\x-z\ m 

1/2 

dzdx 



(t + \x-z\) 2n+1 

Ix-xol 1 / 2 



R" \X -Z\ n+I l 2 



<C £ \\D a A\\ h ( 

\a\=m JR 

<Cl \\D a A\\ Ap M(f)(x). 

\a\=m 



\Mz)\dz 



For III 4 , by Lemma 4, we know that \D a A(z) - (D"A)q\ < ||£> a A|| A |x - z\ P . Thus, 
similar to the proof of IIIi and III3, we obtain 



^W e ||ni4||d * 



< 



< 



\x-xq\ Ix-xqI 1 / 2 



\Q\l+P/r 

x\f 2 (z)\\D a A(z)\dzdx 



\X -Z\ n+1 |jC -z|" +1 /2 



C E ||Z)«A|| A V(2^- 1 )+2^- 1 /2))M(/)(x) 



\a\=m 



k=l 



Thus, 



<C £ ||D«A|| A/J M(/)(*). 

a|=m 



IH<C £ ||D«A|| A/J M(/)(*). 

a|=m 



For /x^, similarly, we have 

j^ n J Q \rf(f)(x)-rf(f 2 )(xo)\6x 

1 r / t \"V 2 

-i«W 9 (f+f^) fA/k *'- v) 



f + 



\ nl/2 

^(/2)(X0,V) 



dx 



< 



+P/»J Q \t + \x-y\J '{ \x-r h ) 



1 



(v) 



dx 



iei 1+ ^4,± m «! 



t+\x-y\ 



nX/2 



(x-r 



D a Af\ (y) 



dx 
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1 r / t \"V2 . 



y) 



J + \x-y\ 
:= I + 11 + III 



tA/2 



^ A (/2)(^o,y) 



dx 



and 



I<C £ II^AIU^ / |^(/i)W|dx 

|a|=m |y| 6 

<c £ iid«a|| a j|MA(/i)ikHer 1/r 



a =m 



<c £ iiD«A|| A/s ii /l || L ,-ier 1/r 

\a\=m 

<C £ ||D a A|| A/s M r (/)(x), 

a|=m 



ii < - (°^)g)/^)II^ 

< C | Q |-/J/»-i/r £ ||(D«A-(D«A)g)/ Z g|| ir 

a|=m 

<C £ ||Z)«A|| A/j M r (/)(x). 

\a\=m 



\Q\ 



l-l/r 



For III, we write 



nA/2 



^(/ 2 )(*,y)- 



«A/2 



^(/2)(xo,y) 



l 



l 



\y-z\<t \t + \x-y\ 
£l(y-z)R m (A;x,z)f 2 (z) 



\y-z 



n-l 



\x-z\ m \xq-z[ 
dz 



+ 



t 



nX/2 



£l(y-z)f 2 (z) 
-z\<t\t + \x-y\J \y-z\ n - l \x -z\ m 

x [R m (A;x,z)-R m {A;xo,z)]dz 



y-z\<t 



t + \x-y\ 



nX/2 



t 



t+\x -y\ 



nX/2 



Q.(y-z)R m (A;x ,z)f2(z), 

X : : 7- : QZ 

\y-z\ n - l \x Q -z\ m 
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? all 



\a\=m 



\y-z\<t 



nX/2 



t+\x-y\ 
(xo-z) a ~ 



nl/2 



(x-z) a 
\x-z\ m 



j + \x -y\J \x Q -z\ m 

:=m, +m 2 +m3+iii 4 . 



€l(y-z)D a A{z)f 2 {z) 



7 \n—\ 



\y-z 



dz 



By the condition of Q. and similar to the proof of Lemma 5, we get 



-xq\ 



F^/ e 111111 l|ck 



R m (A;x,z)\\f(z)\dz)6x 
\x-xo\ 



\a\=m k=0 

<CE \\D a A\\ Ap M(f)(x) 

\a\=m 



\m\dz 



W' |ni21 



1 



dx 



<C- 



\R m (A;x,z) -R m {A;xo,z)\ 



\x -z\ m+n 

\x-Xq\ 



IQP+H" JqJr-\q 

<c E v> a A\u f \Q\'i"M(m), 

\a\=m 



\f{z)\dzdx 



\m\6z 



W ||ffl31 



\Q\W/»Jo 
C 



dx 



< 



\Q\ 1+ P/" JqJr* I Jr"+ 1 



L" ( Ir" 



< 



\R m (A;x 0l z)\ 
\x Q -z\ m 

I" JqJr" 



dydt 



t"^ 2 \x-x \^xr {z) (y,t)\f2(z)\ 

(f + |x-y|)(^ + 1 )/2| } ,-- z |«-l 
1/2 

dzdx 



IJ^CA^O.Z) 1 1/ 2 (Z) I |JC - JC | 



iei 1+ 0/"V«" \xQ-z\ m+n+l / 2 

<CE \\D a A\\ Ap M(f)(x) 

\a\=m 



dzdx 
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and 



Thus, 



leiW," 1114 "^ 



< c f y f ( 

" \Q\ l+ V n JQ la %J«"\\xo-z\» 



-V(i \x~x \ 1/2 



+ 1 |x -z|«+l/2_ 

x\f 2 (z)\\D a A(z)\6z6x 
<C £ ||D«A|| A/s £(2^- 1 '+2^- 1 / 2 ))M(/)(x) 

a|=m t=l 

<C £ ||D"A|| A/J M(/)(*). 

a|=m 



IH<C £ ||Z>°A|| Ap Af (/)(*). 

a|=m 



These yield the desired results. 
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